The coupling between metallic nanostructures is a common and easy way to control the optical properties of plasmonic systems. Even though the coupling between plasmonic oscillators has been widely studied in the linear regime, its influence on the nonlinear optical response of metallic nanostructures has been sparsely considered. Using a surface integral equation method, we investigate the second order nonlinear optical response of plasmonic metamolecules supporting Fano resonances revealing that the typical lineshape of Fano resonances is also clearly observable in the nonlinear regime. The physical mechanisms leading to nonlinear Fano resonances are revealed by the coupled oscillator model and the symmetry subgroup decomposition. It is found that the origin of the nonlinear scattered wave, i. e. the active plasmonic oscillator, can be selectively chosen. Furthermore, interferences between nonlinear emissions are clearly observed in specific configurations. The results presented in this article pave the way for the design of efficient nonlinear plasmonic metamolecules with controlled nonlinear radiation. 
Introduction
Fano resonances have been observed in a huge variety of phenomena in various physical systems, ranging from the absorption profile in noble gases to the strong coupling between Mie and Bragg scattering in photonic crystals, as well as the autoionization of atoms [1] [2] [3] . Fano resonances are characterized by their asymmetric lineshape which arises from the interaction between a discrete state and a continuum of states, as described by the original formula derived by Ugo Fano [4] . The asymmetry of the response is explained by the spectral proximity of constructive and destructive interferences which results in very narrow features in the spectral response. More recently, Fano resonances have been observed in nanosystems, opening new possibilities for the control of light-matter interaction down to the nanoscsale [5] . Among all the possible nanostructures, plasmonic nanoparticles play an important role in nanophotonic, due to their ability to enhance the electromagnetic field intensity in tiny volumes. This enhancement and the corresponding electromagnetic field distribution can be very well controlled thanks to mode coupling in general and Fano resonances in particular [6, 7] . Fano resonances have been observed in plasmonic nanostructures with various geometries [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [46] or the asymmetry of the nonlinear emission [47] . As was done for the linear response, it is important for the design of efficient plasmonic sensors working in the nonlinear regime to understand and control the lineshape of Fano resonances in this particular regime [46, 47] . The simplest and most straightforward way is to generalize the methods previously developed for the linear response to its nonlinear counterpart [25, 26] . However, the potential of such an approach has not yet been addressed.
In this article, we investigate the outcomes of the coupled oscillator model and the subgroup decomposition for the comprehension of SHG from plasmonic systems supporting Fano resonances. The SHG from the considered plasmonic Fano metamolecules is computed using a surface integral equation method [48, 49] and the results are discussed in the light of these two approaches. First, a 4-nanorod nanostructure is considered and it is found that the coupled oscillator model allows us to decipher the multipolar nature of the second harmonic (SH) emission. In a second step, we show that both the main near-field and far-field properties of SHG from quadrumer and pentamer can be deduced from a suitable subgroup decomposition. These results provide a very appropriate framework for future experimental investigations on tailoring Fano resonance lineshapes in the nonlinear regime.
Results and discussion

Extended coupled oscillator model
The first plasmonic nanostructure discussed in this work is composed of four gold nanorods (see the inset in Fig. 1(a) ) [26] . Two of the nanorods constitute a nanoantenna: their length is l = 70 nm and they are separated by a gap g = 25 nm. The nanoantenna is surrounded by two parallel nanorods with lengths L = 120 nm. The width and the thickness of all the nanorods are fixed to 40 nm and the lateral distance between the nanorods is 20 nm. The plasmonic nanostructure is excited by an incident planewave polarized along the long axis of the nanorods and propagating perpendicularly to the plane containing the nanostructure (see the inset in Fig. 1(a) ). The backward scattered intensity is computed as a function of the incident wavelength. The result is shown in Fig. 1(a) , revealing the asymmetric lineshape of a Fano resonance. The observation of a Fano resonance is explained as follows [26] . The modes supported by the dipolar nanoantenna (DA) and the dipolar nanorods (DN) interact resulting in new hybridized modes. Depending on the relative phase between the original modes supported by the DA and the DN, the hybridized mode is a superradiant mode (the original modes are in-phase) or a subradiant (dark) mode (the original modes are out-of-phase) [26] . The Fano resonance results from the interference between the two hybridized modes which spectrally overlap. As an example, the dip observed in the backward intensity spectrum is induced by destructive interferences between the hybridized modes [26]. In order to provide a clear insight into the mode coupling in this plasmonic metamolecule, an extended coupled oscillator (ECO) model has been developed and reported in [26] . This model is briefly discussed here but the reader is referred to this previous publication for further details [26] . In this model, the two original modes supported by the DA and the DN are associated to two oscillators coupled with a spring. Both the radiative and the nonradiative (intrinsic) losses are taken into account as required for the description of lossy plasmonic systems. The coupled oscillators are driven by an external force with a harmonic time dependence representing the excitation by the incident planewave. The equations of motions for the two oscillators can be written as [26]:
where ω 1,2 are the resonant frequencies, γ 1,2 are the damping constants, x 1,2 are the respective amplitude, α 1,2 are the polarizabilities, E ext is the incident electric field, g is the constant of the coupling spring, and P tot is the total dipole moment. Fitting the scattering spectrum with this extended coupled oscillator (ECO) model permits to determine the excitation strengths of the original modes which are buried in the total response. The amplitudes of the modes supported by the DA (black curve) and the DN (red curve) are shown in the inset in Fig. 1(a) . In order to confirm the prediction of the ECO model, the intensity close to the 4-nanorod structure was computed for several incident wavelengths ranging from λ = 680 nm to λ = 900 nm and corresponding to different excitation strengths of the original plasmonic modes. Interestingly, specific near-field intensity distributions are observed for specific incident wavelengths. In particular, the near-field intensity is concentrated close to DA for an incident wavelength λ = 680 nm and close to the DN for the incident wavelength λ = 820 nm in agreement with the ECO model, demonstrating that the original modes can be selectively excited with the proper excitation wavelength despite the mode hybridization [26] . For intermediate (λ = 740 nm) or longer (λ = 900 nm) wavelengths, the distributions of the intensity close to the 4-nanorod structure show that the two modes supported by both the DA and the DN are effectively excited in these cases. The fundamental intensity distribution over the nanorods surface is an important parameter that dramatically influences their nonlinear response, as recently discussed in the case of the SHG from gold nanodolmens [44] . Indeed, the strength of the SH source standing at a given point of the metallic surface depends on the local fundamental intensity evaluated at this point (just below the interface -in gold) [50] . In the following, the SH response of the 4-nanorod nanostructure is discussed in details and the outcome of the ECO model for the understanding of the nonlinear response is addressed. The nonlinear optical response of the 4-nanorod structure has been computed using a surface integral equation method adapted and developed for surface SHG [49] . Indeed, SHG is forbidden in the bulk of centrosymmetric media within the electric dipole approximation [50] . However, the centrosymmetry is locally broken at the interface between two centrosymmetric media resulting in the generation of a SH wave [51] . Figure 2(a) shows the SH intensity from the 4-nanorod structure as a function of the fundamental wavelength. The SH intensity has been integrated over a sphere with radius r = 50 µm. As was the case for the linear response, the SH spectrum is asymmetric, composed of two maxima separated by a dip, and appears to be also a Fano resonance. However, the exact Fano lineshape differs from the one observed in the linear regime. This is due to several reasons. First, the wavelength dependence of the SH intensity is different from that of linear scattering. The studied nanostructure is centrosymmetric and the SH response is induced by retardation effect, i.e. the electromagnetic field variation over the considered nanostructure [52] . As a consequence, the scattered SH intensity tends to increase as the fundamental wavelength decreases. Second, the SH intensity increases due to the excitation of the localized surface plasmon modes [52] . This enhancement is directly related to the amplification of the local fundamental intensity at the nanostructure surface induced by plasmonic resonances in the metal. In order to understand the role played by the enhancement of fundamental near-field intensity in the increase of the nonlinear response, the near-field SH intensity close to the 4-nanorod structure was computed for several incident wavelengths ranging from λ = 680 nm to λ = 900 nm. The near-field distribution of the SH intensity is strongly correlated to that of the fundamental intensity, predicting that the enhancement of SHG is closely related to the excitation of the mode supported by the DA and the DN. Since the near-field distribution of the fundamental intensity is predicted by the ECO model, at least which nanorods are excited (the DA and/or the DN), one can expect to deduce some properties of the SHG from this model. This approach has already been used to describe the THG from gold nanoantennas [37] and has been recently extended to the THG from plasmonic systems supporting Fano resonances [53] . In this model, one third harmonic mode is associated with each fundamental mode [53] . This one-to-one correspondence does not stand in the case of SHG from plasmonic systems. Indeed, SHG from plasmonic nanostructures with centrosymmetric shapes is forbidden in the electric dipole approximation. A logical outcome is that high order modes, i.e. quadrupolar modes, must be included in the SH response [28, 29] . For example, the electric dipole mode driven at the fundamental wavelength can couple to itself to generate a quadrupolar SH emission [52] . The other possibility is the coupling of the electric dipole mode with a high order mode at the fundamental wavelength. In this latter case, the nature of the SH emission can correspond to that of an electric dipole. A straightforward way for addressing the multipolar nature of the SH emission and determining the relative weight of the different multipoles is to consider the emission pattern in the scattering plane perpendicular to the incident planewave [29] . Interestingly, analyzing the polarization of the SH emission in this plane enables the separation of the modes with even and odd parity [29] . The SH intensity scattered in the vertical (O, x, y) plane is shown in Fig. 3 as a function of the scattering angle for three different fundamental wavelengths λ = 680 nm, λ = 740 nm, and λ = 840 nm. For the SH wave polarized into the vertical plane, a four-lobe pattern, which is characteristic of a quadrupolar emission, is always observed. On the contrary, the emission pattern obtained for the SH wave polarized perpendicularly to the vertical plane evolves when the fundamental wavelength changes. In order to understand this evolution, the SHG from the DA and the DN, the building blocks of the 4-nanorod nanostructure, has been evaluated in the same condition (see Figs. 4 and 5). The results indicate that the SHG from the DA is preferentially scattered in the downward and upward directions (along the y-axis), while the SHG from the DN is preferentially scattered in the lateral directions (along the x-axis). This information, combined with the one provided by the ECO model, provides a full understanding on how the emission pattern evolves with the incident wavelength. For the shortest studied wavelength (λ = 680 nm), the SH wave is preferentially scattered in the downward and upward directions, as observed for the SHG from the DA, while the SH wave is preferentially scattered in the lateral direction for an incident wavelength λ = 840 nm, as observed for the SHG from the DN. This observation is in agreement with the ECO model which predicts that the DA, respectively the DN, are resonantly excited at λ = 680 nm, respectively λ = 840 nm. For the intermediate wavelength (λ = 740 nm), the SH emission pattern exhibits maxima along both the x-and the y-axis. In this spectral region, the ECO model indicates that the electric dipole modes supported by the DN and the DA have approximately the same amplitude (see the inset in Fig.  1 ) and the total SH field results from the interference between the nonlinear emissions of the DN and the DA. In first approximation, the final emission pattern is a function of the relative phase and amplitude of the original modes supported by the DA and DN (given by the ECO model) convolved with the spectral dependence of the SHG from the isolated DA and DN (accessible with full wave computation -see Figs. 4 and 5) . Even though the ECO model does not lead to the complete SH wave due to its complex multipole decomposition, it is found that this model provides very useful information for the understanding of Fano resonances in the SHG from plasmonic systems. As mentioned in the previous paragraph, the nonlinear spectral responses of the DA and the DN are important parameters for determining the properties of the nonlinear Fano resonance arising in the 4-nanorod nanostructure. Note that the terminology "nonlinear Fano resonance" refers here to a Fano resonance involved in a nonlinear process [54, 55] . The spectral responses of the DA and the DN can be tuned by modifying some of their geometric parameters. Increasing the length L of the DN increases their aspect ratio, resulting in a redshift of the corresponding resonance [56] ; while increasing the distance g between the two arms of the nanoantenna reduces the mode coupling, resulting in a blueshift of the resonance supported by the DA [57] . In order to address the influence of the building block properties on the nonlinear Fano resonance and the multipole expansion of the SH response, computations have been performed for various values of the DN length L and the distance g between the arms of the DA, for incident wavelengths ranging from 600 nm to 900 nm (Fig. 6) . The influence on the linear back scattered intensity is shown in Fig. 7 for direct comparison. Several configurations for the evaluation of the SH far-field intensity have been considered in order to study the influence of the different multipoles. In the first configuration, the SH intensity is evaluated in the vertical (O, x, y) plane, with a scattering angle of 45°, for the SH wave polarized into the vertical plane. This configuration provides the spectral dependence of the quadrupolar SH emission. The result is shown in Fig. 6(b) for various gaps g (the DN length L is kept constant) and in Fig. 6(c) for various DN lengths L (the gap g is kept constant). As previously observed for the case of the total SH intensity, the different spectra reveal the asymmetric lineshapes of Fano resonances. In this configuration, both the DN and the DA radiate at the SH wavelength as quadrupole (see Fig. 5 ) and these emissions interfere in the far-field when DN and the DA are assembled into a 4-nanorod nanostructure. The phase and the amplitude of the quadrupolar emissions depend on that of the original modes supported by the DA and DN (given by the ECO model) convolved with the spectral dependence of the SHG from the isolated DA and DN (in first approximation). When one of these original modes is shifted due to a geometric modification of the supporting nanostructure, the Fano lineshape evolves and both the width and the spectral position of the Fano dip are tuned, demonstrating that the nonlinear emission can be controlled by the Fano resonance. It is worth mentioning that the spectral shifts of the peaks have the same amplitude in both the linear and the nonlinear regime (see Figs. 6 and 7) . This observation confirms the potential of the ECO model for predicting the influence of Fano resonances on the nonlinear response of coupled plasmonic nanostructures. Considering the SH wave polarized perpendicularly to the vertical plane for example (see panels (d)-(i) in Fig. 6 ), the same trend is observed for the SH wave scattered in the lateral direction (along the x-axis -panels (d)-(f)) while the SH wave scattered along the y-axis (panels (g)-(i)) is modified only when the DA is tuned. Indeed, in this case, the SH intensity originates mainly from the DA and the influence of the DN, i. e. the interference contrast, is very weak demonstrating that the nonlinear emission from specific gold nanorods can be selectively observed. 
Subgroup decomposition
The coupling oscillator model is not the only approach introduced for understanding and predicting the spectral lineshape of Fano resonances in plasmonic systems. The subgroup decomposition has proven itself to be a very efficient and simple approach for doing so, despite its empirical nature [25] . Note that a more formal eigenmode decomposition has been recently proposed [58] . The basic idea of the subgroup decomposition is to intuitively decompose the whole spectrum into two separate contributions from subgroups of nanoparticles [25] . The two subgroups are identified as those supporting the resonances corresponding to the two dominant peaks of the whole spectrum using a similar approach to that detailed in [25] . As an example, let us consider a centrosymmetric pentamer composed of 5 gold nanodisks (Fig. 8) . The disks diameter is 140 nm and their height is 60 nm. The interparticle distance is 20 nm. It was shown that the linear optical response of this pentamer can be decomposed into that of a quadrumer, for which the central nanodisk is removed (subgroup I), and that of a linear trimer along the incident electric field (subgroup II) [25] . The backward scattered intensity is shown in Fig. 8(b) as a function of the incident wavelength for the complete pentamer (black curve), the subgroup I (blue curve), and the subgroup II (red curve). Note that the dip in the scattering close to λ = 800 nm is due to destructive interference between the fields scattered by the two subgroups [25] . In this spectral region, the modes supported by the two subgroups are out of phase, resulting in a decrease of the scattered intensity. In order to further confirm the potential of the subgroup decomposition, it is also possible to consider the intensity distribution in the near-field region. Comparing the near-field intensity close to the whole pentamer and to the subgroups I and II for incident wavelengths which are closed to their resonance wavelengths (λ = 620 nm for subgroup I and λ = 930 nm for subgroup II) also reveals similar trends [25] . As an example, the intensity enhancement in the gap between the nanoparticles is clearly observed for both the complete pentamer and the subgroup II (λ = 930 nm). This observation is important for extending the subgroup decomposition to the nonlinear regime. Indeed, SHG is directly related to the fundamental near-field intensity distribution through the surface nonlinear polarization. In order to investigate the potential of the proposed subgroup decomposition for the understanding of the SH response, the SHG from the whole pentamer, the subgroup I and the subgroup II, has been computed using the same surface integral equation method (Figs. 9 and  10 ). The SH intensity scattered in the vertical (O, x, y) plane with a scattering angle of 45° is shown for the SH wave polarized into the vertical plane ( Fig. 9(a) ) and perpendicularly to the vertical plane (Fig. 9(b) ). As in the linear regime, the main features of the SHG from the whole pentamer are already observed in the SH response of the two subgroups; for example the peak at λ = 570 nm, the shoulder at λ = 750 nm (slightly redshifted in comparison with the SHG from the subgroup I) and the near-field distribution. For comparison, the SHG from a single nanodot is shown in Fig. 11 . Note that the fundamental electric field is evaluated inside the metal, explaining the strong SHG at 520 nm despite relatively weak electric field outside the gold nanodot [50] . As previously observed for the ECO model, the subgroup decomposition provides useful and important information for predicting the SH response of coupled plasmonic systems. Contrary to the 4-nanorod nanostructures, some of the gold nanodots are included in the two subgroups in the present decomposition. It is interesting to note that the overall emission can be retrieved from the subgroup decomposition despite the nonlinear dependence of SHG on the fundamental near-field intensity.
SHG is also sensitive to the symmetry of the plasmonic nanostructure geometric organization [59] . In order to investigate the potential of the subgroup decomposition for the understanding of SHG from gold nanodots with a non-centrosymmetric spatial organization, both the linear and the SH responses of a quadrumer were computed and the results are shown in Figs. 12, 13 and 14. The quadrumer is decomposed into two subgroups with triangular geometries [25] : the subgroup I is composed of the three external nanodots (the central nanodot is removed) and the subgroup II corresponds to a smaller triangle for which the bottom nanodot has been removed. Note that the complete quadrumer and the two subgroups exhibit a non-centrosymmetric spatial organization. As observed in the case of the centrosymmetric pentamer, the main features of the SHG from the whole quadrumer are already observed in the SH response of the two subgroups. However, some specific features, such as the strong near-field interaction between the central and the bottom nanoparticles, are not reproduced by the subgroup decomposition. This lack is already observed in the linear regime and appears to be a limitation of the subgroup decomposition for specific cluster geometries. As an example, this discrepancy could explain that specific features of the SH field are not perfectly reproduced (such as the small peak around 580 nm in Fig. 13(a) ). It is interesting to note that the SH intensity is not dramatically increased in comparison with the pentamer discussed previously, despite the lack of centrosymmetry (compare Figs. 9 and 13 ). The breaking of centrosymmetry is expected to increase the SH intensity only in the backward and forward directions but not necessary in other scattering directions, explaining the similar amplitude of the computed SH signal. Even though the spatial organizations of the gold nanodots in the quadrumer and the two corresponding subgroups are non-centrosymmetric, the (O, x, z) plane is a symmetry plane, meaning that the nonlinear sources tend to be out-ofphase (see Fig. 14(d)-(f) ) [58] . These results demonstrate the generality of the subgroup decomposition in the nonlinear regime, even for a non-centrosymmetric spatial organization. 
Conclusions
In summary, the outcomes of the ECO model and the subgroup decomposition for the comprehension of SHG from plasmonic systems supporting Fano resonances have been investigated in details using a surface integral equation method. Different Fano metamolecules have been considered, demonstrating that these two models provide very useful information for understanding Fano resonances in the nonlinear regime. These results provide a versatile framework for tailoring Fano resonance lineshapes in the nonlinear regime, which is very important for the design of efficient plasmonic sensors based on nonlinear optics, especially second-order nonlinear optical processes [44, 47] . Indeed, it was demonstrated that SHG is a powerful tool for the observation of higher multipolar modes with narrow resonances which are interesting for sensing applications [46] . This work provides a comprehensive framework for the combination of the most efficient plasmonic sensors supporting Fano resonances and nonlinear optics in order to push forward the sensitivity of plasmonic sensors [46, 47] . Furthermore, the results presented in this work can be extended to other nonlinear spectroscopy techniques, like THG, thereby offering new possibilities for the design of nonlinear Fano resonances. In the future, it will be interesting to develop a complete description based on the ECO model and/or eigenmode analysis for both the linear and nonlinear responses in order to fully understand the influence of Fano resonances on nonlinear optical processes [60] .
Methods
The linear optical responses have been calculated using a surface integral formulation. All the nanostructures are considered in water (n = 1.33) and the dielectric constants for gold are taken from experimental data at both the fundamental and second harmonic wavelengths [61] . For the SHG computations, the linear surface currents, which are expanded on Rao-WiltonGlisson (RWG) basis functions, are used for the evaluation of the fundamental electric fields just below the gold surfaces and then used for the calculation of the surface SH polarization. For the sake of simplicity, only the component of the surface tensor, where n denotes the component normal to the surface, is considered. Recent experimental results shows that this term dominates the surface response of metallic nanoparticles [62, 63] .The SH surface currents are obtained solving the SIE formulation taking into account the nonlinear polarization and enforcing the boundary conditions at the nanostructure surfaces [64] . As the linear surface currents, the SH surface currents are also expanded on RWG basis functions. The expanding coefficients are found applying the method of moments with Galerkin's testing [49, 65] . A Poggio-Miller-Chang-Harrington-Wu formulation is used to ensure accurate solutions even at resonant conditions [49, 65] . The SH electric field is then deduced from the SH surface currents using a two-term subtraction method for the evaluation of the Green's functions [49, 65] .
